1. Sets of multiplicity of trigonometrical series. We shall consider, throughout the paper, symmetrical perfect sets, that is, sets which are obtained, in the closed interval (0, 2w) by the following process. We divide the interval in three parts of lengths proportional to £1, 1 -2^i, £i, and we remove the central open interval. In the second operation we divide each one of the two intervals left in three parts proportional to £2, 1 -2^2, £2, and we remove the two central open intervals, and so on infinitely, the sequence {£ p } being such that 0<£ p^^.
2
After p operations, we have thus removed 2 P -1 intervals which we shall denote by 8 pk (& = 1, 2, • • • , 2 P -1) and 2 P intervals are left, which we shall denote by rj p k (k = l, 2, • • • , 2 P ). Each interval rj pk is of length equal to rç p = 27T • &É-2 • • • £ P . Let E p be the set constituted by the 2 P intervals rj pk and let E(p) be its measure. We have (1) E(p) = 2%, = 2*.2*f 1 fc-• .{ p .
E(p)
is a non-increasing function of p and the measure of the perfect set P obtained by the above-described process is lim E(p) for p = 00. We shall only consider, throughout the paper, sets for which this limit is equal to zero. We shall now construct a monotone continuous function F(x) constant in every interval contiguous to P but increasing from one interval to another, by the following well known process. 3 For every p let F p be a non-decreasing continuous function defined by the following conditions:
Presented to the Society, May 3, 1941. 2 If £p = J no interval is removed in the pth operation but the intervals left after the (p -l)th operation are subdivided in two equal parts, and we deal in the (£-fl)th operation, with the intervals thus subdivided. 
since F p = F p+ i when # does not belong to E p . Hence, by (2) ƒ,
is decreasing and we have 
Hence

\B\ ^ E(p) n and
Up to here we have followed very closely the above quoted Menchoff's example, in extending it to general symmetrical sets. In Menchoff's example P 1
2(p+l) p+1
Now the inequality (3) gives us in a very simple way a class of symmetrical perfect sets of measure zero which are sets of multiplicity. As is well known, in order that P should be a set of multiplicity it is sufficient to have c n = o(l).
The integer p being arbitrary, let us choose it satisfying the following condition :
Thus, by (3) i«,i s^_ «£±i)r +4 £(tz«^__«w_r.
If n increases infinitely, so does p defined by (4) ; hence if we suppose 
UI è njt -~ [E(v) -E(v + 1)].
Here we shall make no hypothesis whatever about the behaviour of E(p) -E(p + 1). It is plain that in any case we have
The integer £ is arbitrary. We can associate to every n an integer p = p(n) non-decreasing, tending to infinity with n y and sum the inequalities thus obtained from n = 1 to n = oo provided that the sum of the right-hand side terms be convergent. Let us observe that the sets E p are such that E P+1 QE P that is to say f p +i ^f p . Now it is known that in this case the sum "dx where p takes the same value for all n such that n p^n <n p +i, converges if n p+1 /n p >\>l; moreover S<C(X), C being a constant depending only on X. This is a consequence of the well known theorem stating that if S n (x) is the nth sum of the Fourier series of a function 0 of integrable square, then where the f p are characteristic functions of sets, corresponding to p(x), such that fp+i Sfp and such that f p is the same for all n for which \n p \ û\n\ < | %+i|. Since this holds good for any sequence {c n } such that XI c n | 2 < °°, the statement about the sum S follows immediately.
The interest of this theorem lies in the fact that we can construct our perfect set P of measure zero such that E(p) tends to zero as slowly as we please. Hence, while the function P(x)'s being singular (that is, constant in every interval contiguous to P) makes the series 53 I e » I 2 necessarily divergent, the divergence of this series can be as slow as we please, and the rapidity of the divergence is connected in a very simple way with the function E{p).
We refer the reader to other results which have been obtained previously in this field. See Wiener and Wintner [l, 2] and Schaeffer [l].
3. Absolute convergence of trigonometrical series. The set P is said to be of the type N if there exists a trigonometrical series 53Pn cos (nx-a n ) with p w^0 , 53P™ =: °°, such that53p™| cos (nx-a n )\ < oo for every x belonging to P. It has been proved 6 that if P is of the type N we have
If we split the sequence of integers \n\ in two complementary sequences {ntk}, {n k } such that for every k :
€ being any fixed positive number <1, the proof of the theorem just stated shows that no series 53^ cos (nikX -ak) can converge absolutely in P unless 53^ < °° • Hence, if the set P is of the type N every trigonometrical series absolutely convergent in P but not everywhere can be broken into two complementary series: the first one,
with 53 '* < °° » which is a parasitic series convergent absolutely everywhere ; and the second one, 53P& COS (nkX-pk), which converges absolutely in P, with 53P* = °° • Now, the question arises of what can be the frequency of the integers {tik}. We can draw some conclusions from the theorem proved in §2. We have, by (6) 
It has been shown 7 that the perfect set P for which all the £ p are equal to J, except for a sequence {i 3 -} for which ^ = 1/2/, is of the type iV. By taking the sequence {ij\ very sparse, we can plainly obtain a set of the type N with E(p) decreasing as slowly as we please. Hence, the inequality (7) shows that there exist sets of the type N for which p [p> ( l>(P) ]< 0) (P)i <t>(P) increasing as rapidly, and a)(p) as slowly as we please.
This result throws some light on the fact that the sum of two sets P, P', both of the type N, may be not of the type N, a result which is due to Marcinkiewicz.
8 If the sets P, P' are both of the type N, then, F' being the corresponding function for the set P', there exist two sequences of integers {n }c }, {U'K} such that (8 
(We can take, for example, co(w) =]C?Pw) Let Q be a point of abscissa #oi not belonging to E. By Dirichlet's theorem, for every n we can find an integer p n such that Hence, by (11) and (12) 
